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Abstract-The object of the present paper is to establish three general multiple series identi- 
ties and to exhibit the connection of each of these identities with various results given recently in 
the mathematical literature. Some hypergeometric transformation and reduction formulas are also 
deduced as interesting consequences of the series identities proven here. 
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1. INTRODUCTION AND DEFINITIONS 
Recently, Srivastava [1,2], Buschman and Srivastava [3], Grosjean and Sharma [4], and Grosjean 
and Srivastava [5] established a number of double and multiple series identities involving essen- 
tially arbitrary coefficients (see also [S]). The aim of this paper is to establish three substantially 
more general multiple series identities involving similar coefficients. 
In terms of the Pochhammer symbol (A), := l?(A + n)/r(X), the generalized hypergeometric 
pFq series is defined by [7, pp. 19-201: 
provided that the series in (1.1) converges (or terminates). The generalized Lauricella series in 
several variables is defined and represented as follows [7, p. 371: 
Zl 
FA:B’;...;B(n) . 
c :D’;...;D(“) 
0 
: 
~ FA:B.“B(n: 
C:D’;...;D(“) 
( 
[(a) : 8’, . . . , t+‘] : [(b’) : $‘I;. . . ; [(@) : #“‘]; 
> 
(1.2) 
[(c) : G’, . * . , ?p’] : [(d’) : S’]; . . . ; [(d(n)) : S(n)]; z1y * * * ‘zn 
:= g *(ml ,...) mn)f.$.*.$, 
ml,...,mn=O 
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where, for convenience, 
the coefficients 
d”) (j = 1 
3 
A) ,.“, 9 (#A!’ (j = 1 3 ,“., dk)), tp (j = 1,. . . ) C), 
(+“I (j = 1 
3 
,a”, Dtk)); (VLE {l,...,n}) 
are real and nonnegative, and (a) abbreviates the array of A parameters al,. . . , aA; (b(“)) ab- 
breviates the array of B(“) parameters 
b!“) (j = l,...,B(“); 3 Vk E (1,. . . ) n}), 
with similar interpretations for (cc”)) , et cetera. 
2. THE GENERAL SERIES IDENTITIES 
THEOREM 1. Let w(m~,. . . , m,) be a single-valued, bounded, and real or complex function of r 
nonnegative integer-valued parameters ml, . . . , m,. 
Then, 
e z” 
Tnl,...,m,=o 
w(ml, . . . ,m,) fJ { (1 - ci + ai ‘“~c~j~mi) 
i=l z 
1 - ci + ai 
} 
00 
r = 
c R(mr + jl,. . . lrnr +") Fl (Ci)j, ' 
(ai)jiZJ?ai+ji ) (2.1) 
ml,jl,...,m,,j,=O i 1 
provided that each of the series involved is absolutely convergent. 
THEOREM 2. Let R(m) represent a single-valued, bounded, and real or complex function of the 
nonnegative integer-valued parameter m. 
Then, 
5 
ml,...,mr=O 
Q(ml + ... + m,) fJ { (1 - ci + ai ca;c~j~m*) Zmi 
i=l 
1 - ci + ai 
}, 
= 2 R(m+jl+e. . _,,(T,,. f fJ {p&.), (2.2) 
jl,...,j,,m=O a=1 
provided that each of the series involved is absolutely convergent. 
THEOREM 3. Let O(m) represent a single-valued, bounded, and real or complex function of the 
nonnegative integer-valued parameter m. 
Then, 
2 
ml ,...,mr=O 
O(rnl + . . . + m,) ($~~~+~~, fj { 9 Pi} 
2-l 2' 
= 2 Sl(m+2n)(pl+ 
m+2n 
.*. +/& +2n), 
bddPz)pz 2 
(Q)rb -z-z-' 
(2.3) 
m,n=O 
provided that each of the series involved is absolutely convergent. 
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PROOFS OF THEOREMS 1, 2, AND 3. To establish Theorem 1, we first denote the left-hand side 
of (2.1) by Ar and then use the sum [8, p. 151, Equation (7.1.1)]: 
g gf= l-:+a [ l-c+uy]. C, 
We thus obtain, 
Ar = 2 w(mr,... 
m1,...,m,=O 
(2.4) 
(2.5) 
For the sake of clarity, we choose to limit ourselves to the summations with respect to ml and jr 
alone, and we have 
2 ( w ml,m2,-.., m1 k&l m,> C -X 
j,=. Ccl)jl 
;“’ 
m1=0 
= g w(mr +jr,m2,. . . ,m,) ~x~“‘~. (2.6) 
mt,jl=O 
Repeating the same operations for mi and ji (i = 2,3,. . . , r) in (2.5), we arrive at the desired 
result (2.1). 
Theorem 2 would follow from the assertion (2.1) of Theorem 1 when we set 
w(ml,. . . , m,) = O(ml + . .s f m,) and xi =2 (Vi E {l,...,r}), 
and make use of the series identity [8, p. 166, Theorem 21: 
2 f( pl f-,+m, ml + . . . + m~)(Pi)m, . . . (Pr)m, 
m~,...,m+.=O 
ml! . . . m,! 
= 5 f(m)(cLl + 
m=O 
...+/~r)~ 2. (2.7) 
To establish Theorem 3, we denote the left-hand side of (2.3) by A2 and use the Chu- 
Vandermonde theorem [lo, p. 31: 
(2.8) 
and we thus find that 
A2 = Q(w + 
. . . + m, + 2jj (Pi + j)m, b2 + j)mz 
ml,...,m,,j=O 
ml! ms! 
x ems..._ h)m, bl)j(~Lz)j X 2j+ml+...+m, 
ms! 1 m,. la)j j! 
. (2.9) 
We now use (2.7) to arrive at the desired result (2.3). 
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3. TRANSFORMATION AND REDUCTION FORMULAS 
From the assertion (2.3) of Theorem 3, with 
we arrive at the following multiple hypergeometric identity involving the generalized Lauricella 
function defined by (1.2): 
[(ap): L.*.,ll, b: L1,o,...,q: 
[(b,) : 1,. . . , l] : 
(cl1 : 1); (c12 : 1); (p3 : 1); . . .; (/b. : 1); 
(a : 1); (a : 1); -; . . . . -* 
z,...,z 
7 > 
2 (Q)2n. *. (ap)2n (cllh (p2)ll 2 
2n 
= 
n=O (h)zn.. . (bq)2n (a>, -Z- 
.**+pr+2n, a1+2n,...,ap+2n; E 1 bl+2n,...,bq+2n; * (3.1) 
For p = q = 1, (3.1) reduces at once to 
F2:1;1;1;...;1 (a : l, * * * ) I), (a! : 1, I,&. . . ,o) : 
l:l;l;O;...;O (b : 1,. . . ,l) : 
(cx:l); (a: 1); -; ..: -. 
CL1 + . * ’ + kb + 2n, = 2 (a)2n(h)&2)n $ 2Fl 
n=O (b)2n (4, 12. 
; = ;I; z 1 . ; (3.2) 
Making use of the known result [ll, p. 108, Equation 2.10(l)]: 
2F1 
-N, 6’; 
[ 1 y;z = (7 - Ph 2Fl (Y)N -N,L% 1-z P-y-N+l; 1 (N ENo) (3.3) 
to transform the Gaussian hypergeometric 2Fl function in (3.2) when 
1 
x=- 
2 
and hi=-&& (Vi E (1,. . . ,r}), 
and interpreting the resulting sum by means of (3.2) itself, we arrive at the following transfor- 
mation formula: 
F2:lil;l;...i$ (a : 1,. * * ,I), (a : l,LO,. . * 70) : 
l:l,l;O;..., (b : 1,. . . ,l) : 
(--Ml : 1); (-A&, : 1); (--it43 : 1) ;. . .; (--it& : 1); 1 1 
(a! : 1); (a : 1); -; ;...; 
-,...,- 
-; 2 2 > 
= (b - ~)M,+...+M.. F2:1;1;1;...;1 
( 
(a: l,..., l),(a:l,l,O )..., 0): 
(3.4) 
(b) MI +...+A& 
1:l;l;o;...;o (1 _ b + u - n/r, - . . . _ MT : 1, . . . , 1) : 
(-A41 : 1); (-iv2 : 1); (--Ad3 : 1) ;...; (-Ad, : 1); 1 1 
(a : 1); (a : 1); -; ;...; -; 2’““2 . > 
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Similarly, if we take z = l/2 and a = -N in (3.2), and proceed as above, we obtain the 
following transformation formula: 
Finally, if we use the familiar result [lo, p. 11, Equation 2.4(2)]: 
in (3.2) when 
z=i and b=i(a+pi+.. * + Pr + l), 
we obtain the following reduction formula: 
Jmi;;.::;; (a: l,... ,l), (o:l,l,O ,.“) 0): 
I ;. ; 
(+b+pl +...+/Jr+l): l,...,l) : 
(CL1 : 1); (cl2 : 1); (p3 : 1); . . .; (/Jr : 1); 1 1 
(a: 1); (0: 1); -; . . . . 2 ; FT..., 
r(~)r[4<~+~1+...+1L,+1)] 
= I [+(M +. . . + pr + I)] r [ga + 1)) 
(3.6) 
x 3F2 
a, $1+ . . . + j&. + 1); 3 
. 
REMARKS. Setting 
22 = 23 = . . . = XT = 0 
in the assertion (2.1) of Theorem 1, we readily obtain the known result [12, p. 159, Eq. (11.3)]. 
On the other hand, in view of the series identity (2.7), Theorem 2 with 
ci = 1 (Vi E {l,...,r}) 
yields another known result [l, p. 297, Equation (16)]. Finally, in their special cases when r = 2, 
our formulas (3.4), (3.5) , and (3.6) would correspond to the known results [4, p. 102, Equation (9); 
p. 108, Equation (15)] and [5, p. 297, Equation (46)]. 
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